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In this paper we prove that if T : C [0, 1] — > C [0, 1] is a positive linear operator with T (eo) = 
i^h , 1 and T(ei) — ei does not change the sign, then the iterates T m converges to some positive linear 

operator T°° : C [0, 1] — > C [0, 1] and we derive quantitative estimates in terms of modulii of smooth- 
ness. This result enlarges the class of operators for which the limit of the iterates can be computed 
and the quantitative estimates of iterates can be given. 

> ■ 1 Introduction and Main results 

00 

The methods employed to study the convergence of iterates of some operators include Matrix Theory 
methods, like stochastic matrices, Korovkin-type theorems, quantitative results about the approximation 
of functions by positive linear operators, point theorems, or methods from the theory of Co-semigroups, 
like Trotter's approximation theorem, see [l]-[19]. However, these results fail to calculate the iterate limit 
and give the quantitative estimates of iterates for many classical operators. In respect to this, we mention 
recent works by I. Gavrea and M. Ivan [5], [5J and I. Rasa [TS], [TB]. 

In this paper we establish quantitative Korovkin type theorem for the iterates of certain positive linear 
operators T : C [0, 1] — » C [0, 1] satisfying T (eo) = eo, T (ei) — ei < (or > 0). As a consequence of our 
results, we obtain the quantitaive estimates for the iterates of almost all classical and new positive linear 
operators. Notice that quantitative Korovkin type theorems for a sequence of positive linear operators 
are studied in [20]. [2"T]. 

Let C [0, 1] be the set of all real- valued and continuous functions defined on the compact interval [0, 1] 
endowed with the sup-norm ||/|| := sup {\f (x)\ : x e [0, 1]}. W^oo [0, 1] is defined as follows 



W-2,00 [0, 1] := {/ e C [0, 1] : /' absolutely continuous, ||/"|| Ldo < oo} , 
\l 



ll/H , :=vraimax{|/"(z)|:0<z<l} 



and Lqo is the space of essentially bounded measurable functions endowed with 

The main tools to measure the degree of convergence of the powers of positive linear operators are 
the moduli of smoothness of first and second order. For / S C [0, 1] and 8 > we have 

U) X {f; 5) := sup {\f (x + h) - f (x)\ : x, x + h € [0, 1] , < h < 6} , 

u 2 {f; 5) := sup {\f {x + h) - 2/ (x) + f (x - h)\ : x, x ± h € [0, 1] , < h < 5} . 

For / e C [0, 1] we define the extension f h : [—h, 1 + h] — y M, with h > 0, by 

P- (x) , -h < x < 0, 
h{x):={ /(X), 0<z<l, 

P+(x), l<x<l + h, 
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where P_ and P + are at most order best approximants to / on the indicated intervals. Then Zhuk's 
function Zhf is defined by means of the second order Steklov means 



Z h f (x) := l - J ^ (l - ^ f h (x + t)dt, 0<x 



< 1. 



It can be shown that Zhf £ W 2 ,oo [0, 1] . It is known that for sufficiently large I and a fixed e > we have 
11/ - g\\ < ||/ - Z h f\\ + \\B t (Z h f) - Z h f\\ < - A u 2 (/; h) + e, 
WW < \\(Z h f)'\\ < \ (lui (/; h) + ^ 2 (/; h)j , 

ll/ll <\\(Zsf)"\\ LoB <~^(f;S). (1) 
For any positive linear operator T : C [0, 1] — > C [0, 1], we define the powers of T by 

T° = I, T 1 =T, T m+1 =ToT m , togN. 
Let a : [0, 1] — > R be the monomial functions a (x) = x l , i — 0, 1, 2. 

Now we formulate the main results of the paper. It shows that under the conditions T (e ) = 1 and 
T (ei) — ei does not change the sign, the iterates of T : C [0, 1] — > C [0, 1] converges to some linear positive 
operator T°° : C [0, 1] ->• C [0, 1] . 

Theorem 1 Suppose that T : C [0, 1] — >• C [0, 1] is a positive linear operator such that T (eo) = eo- 
foj IfT(e\) < e\, then there exists a linear positive positive operator T°° : C [0, 1] — > C [0, 1] such that 

lim T ro (/)=T°°(/), /eC[0,l], 

and i/ie following pointwise estimate 

\T°° (f; x) - T m (/; x)| < 3c 2 (/; \{T m - T°°) (e i; x)|) + 2wi (/; |(T m - T°°) (e i; x)|) 

+ (/; VKT- - T m ) (e 2 ;x)| + 2 |(T™ - T°°) (e i; x)|) (2) 

holds true for x £ [0, 1] and f £ C [0, 1] . 
(b) IfT(e\) > ei, i/ien £/iere arists a linear positive positive operator T°° : C [0, 1] — s> C [0, 1] smc/i i/iai 

lim T ro (/)=T°°(/), /eC[0,l], 

and i/ie following pointwise estimate 

|T°° (/; z) - T m (/; x)| < iu 2 (/; |(T m - T°°) (e i; x)|) + 2wi (/; \{T n - T°°) (e i; x)\) 

+ ^ 2 (/;Vl(T~-r-) (e 2 ;x)|) (3) 

/io/<is irwe /or x G [0, 1] and f £ C [0, 1] . 
Corollary 2 Suppose that T : C [0, 1] — s> C [0, 1] is a positive linear operator such that 

T(e )=e , T(ei)=ei. (4) 
TTierc i/iere existe a linear positive operator T°° : C [0, 1] — > C [0, 1] smc/i i/iai 

lim ||T°°(/)-T™(/)||=0, /eC[0,l], 

Furthermore the following pointwise estimate 

|T°° (/; x) - T m (/; x) | < \u> 2 (/; VI " T™) (e 2 ; x) |) (5) 

/loids frwe /or x G [0, 1] and f £ C [0, 1] . 
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The second result shows that under the conditons T (eo) = eo, T (ei) = ei, T°° (eg) = ei the limit 
of the iteraes T m is exactly the operator P (/; x) := (1 — x) f (0) + xf (1) , and under the conditions 
T (eo) = eo, T (e2) = e2, T°° (ei) = e2 the limit of the iteraes T m is exactly the operator V (/; x) :— 
(l-x 2 )f(0)+x 2 f(l). 

Theorem 3 Suppose that T : C [0, 1] — > C [0, 1] is a positive linear operator. 

(a) J/T(e ) = eo, T(e x ) = ei,T°° (e 2 ) = e x , <7ien T°° = P and 

|P(/;*)-T™(/;z)| < (/;VN-T™ (e 2 ;x)|). (6) 

(b) IfT(e ) = e Q , T {ex) < e x , T (e 2 ) = e 2 , T°° (ei) = e 2 , i/ien T°° = V and 

\V (/; i) - T m (/; x)\ < 3u 2 (/; |T m fax) - x 2 \) + 2w x (/; |T m (e i; x) - x 2 |) 
+ |wa (/; ^^(ena;)-^!) . 

(c) IfT(e ) = e Q , T(ei)>ei, T (e 2 ) = e 2 , T°° (ei) = e 2 , then T°° = V and 

\V (/; x) - T m (/; x)| < 3w 2 (/; \T m (e i; x) - x 2 \) + 2wi (/; |T m (e i; i) - x 2 |) . 

Remark 4 Results similar to that of Theorem\3\ (a) without the estimation was obtained in \15f 
and J6jj. (ii) Theorem^ (b) and [5] (c) are new. They cover positive linear operators which preserve eo 
and e 2 . Convergence of overiterates of Bernstein operators and discrete type positive linear operators 
preserving eo and e 2 is studied in JB/, JlOf . 

Corollary 5 Let T : C [0, 1] — > C [0, 1] be a positive linear operator such that 

T (e ) = eo, T (ei) = e u T (e 2 ) < ae 2 + be u a, b G R\ {0} , a + b = 1. (7) 
Then the pointwise approximation 

\T m (f;x)-P(f-x) | < |wa (/; v^m) (8) 

ZioWs true /or aZ/ x G [0, 1] and / 6 C[0,1], 

Remark 6 It is worth mentioning that the conditions 

T (eo) = eo, T (e{) = e\, T (e 2 ) = ae 2 + bei, a, b G i?\ {0} , a + 6 = 1. 

are satisfied by the many classical positive linear operators defined on C [0, 1] and convergence of overit- 
erates under these conditions was studied in jTjj, \1 5jj , JE/. The conditions ([?[) cover the classical MKZ 
and q-MKZ operators. The problem of convergence of overiterates of MKZ operators without quantitative 
estimate was studied in J2j/. In Corollary \5\ we give quantitative estimate for convergence. 

Corollary 7 Suppose that T : C [0, 1] — > C [0, 1] is a positive linear operator. 

(a) //T(e ) = eo, T(ei)<ei, T°° (ei) = T°° (e 2 ) = 0, then T°°/ = / (0) and 

|/ (0) - T m (/; a;)] < 3w 2 (/; \T m (e i; x)|) + 2wi (/; |T m (e i; z)|) 
+ |«a (/; V|r m (e2;x)|+2|T™ (e i;a: )|) . 

(b) IfT(e ) = e , T(ei)>ei, T°° (e x ) = T°° (e 2 ) = 1, ffcen T°°/ = / (1) and 

|/ (1) - T m (/; x)\ < 3lu 2 (/; \T m {e x ;x) - 1|) + (/; |T m (e l5 x) - 1|) 
+ ^ 2 (/; V|r m (e 2 ;a;)-l|) . 

Remark 8 Corollary^ covers the Berstein-Stancu operators Sn^'^ for some values o/a, /3, 7, see J2|/. 
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2 Proofs of the main results 

Proof of Theorem Q3 (b) For every convex g G C 2 [0, 1] , we have 

g(t)>g(x)+g'(x)(t-x). (9) 

It follows that for any nondecreasing convex g G C 2 [0, 1] 

T (g; x) > g (x) + g' (x) (T (e x ;x) - x) >g(x), 
g(x)<T m (g;x)<T m+1 (g;x)<\\g\\. 

In other words the sequence continuous functions {J 1 ™ 1 (g; ■)} is nondecreasing for any nondecreasing 
convex function g G C 2 [0, 1] . By Dini's theorem there exists T°° (g; ■) such that T m (g; •) -> T°° (g; •) 
uniformly on [0, 1] , for any nonincreasing convex function g G C 2 [0, 1] .In particular, 

Urn ||r m ( ei )-T°°(e 1 )|| =0, 

m— too 

lim ||r m (e 2 )-T 00 (e 2 )|| =0. 
Let # £E C 2 [0, 1] be arbitrary. Introduce the following auxiliary functions 

9± {t)= 1 -\\g"\\e + \\g'\\t±g{t). 

It is clear that 

g' ± (t) = \\g"\\ t + \\g' || ± g (t) > 0, g% (t) = \\g"\\ ± g (t) > 0. 
Therefore the functions g± (t) are nondecreasing convex for both choices of the sign. We have 

< T m+ P (g ± ;x) - T m (g ± ;x) = \ \\g"\\ (T™+p (e 2 ; x) - T m (e 2 ;x)) 
+ \\g' || (T™ (ei; x) - T m+ P (e i; x)) ± (T m+ ? (g; x) - T m (g; x)) . 

It follows that 

\T m+ P (g; x) - T m (g; x)\<± \\g"\\ \T m+ P (e 2 ; x) - T m (e 2 ; x)\ + \\g'\\ \T m (e i; x) - T m+ ? (e l5 x)\ . (10) 

So {T m (g; x)} is a Cauchy sequence in C [0, 1] . Since C [0, 1] is complete there is a function f°° such that 

lim ||T m ( 3 )-/°°|| =0. 

m— >oo 

Although this limit has been obtained for g E C 2 [0, 1] only, it extends to all / G C [0, 1] by the 
Banach-Steinhaus theorem. Hence we find an operator T°° : C [0, 1] — > C [0, 1] say, such that T°°f := 
T m (/) = f°°, f G C [0, 1]. Clearly, this operator is linear and positive. 
Taking the limit as p — ¥ oo in (|10[) we have 

|(T°° - T m ) ( 5 ;x)| < i || 5 "|l |(r°° ~ T m ) (e 2 ;x)\ + \\g'\\ \(T m - T°°) (e l5 x)| . 

Let / G C [0, 1]. For g G C 2 [0, 1] arbitrarily chosen we have the following estimate 

|T°° (f;x)- r (/; x) | < | (T°° - T m ) (J-g;x)\ + |T°° ( 3 ; x) - T m ( 5 ; x) | 
< 2 ||/ - , 9 || + \ \\g"\\ |(T°° - T™) (e 2 ; x)| + || 5 '|| |(T™ - T°°) (e i; x)| 

= 2 ||/ - g|| + ||. 9 '|| |(2™ - T°°) (e i; x)| + \ \\g"\\ |(T°° - 2 m ) (e 2 ; x)| . (11) 
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We substitute now g := B n (Zhf) € C 2 [0, 1] , where Zhf is Zhuk's function. In (fTTj) using the inequalities 
(JT|) and letting e — > we arrive at 



|T°° (/;x)-T m (/;x)| < -U2 (f-h) + -\ 2Lo l {f-h) + -Lo 2 (/; ft) j \{T m - T°°) (e±;x)\ 
+ (f;S)\(T°°-T m )(e 2 ;x)\ 

with ft > and <5 > 0. If 

|(T m -T 00 )(e 1 ;a:)| > 0, |(T m - T°°) (e 2 ; i)| >0 

taking ft = |(T m - T°°) (ei;a;)| and 5 2 = (T°° - T m ) (e 2 ; x) | yields the desired result. If |(T m -T°°) (ei;i)| 
and \(T°° - T m ) (e 2 ; x) > 0, then 

|T°° (/; i) - T m (/; x)\ < |w a (/; ft) + l|w a (/; <5) |(T™ - T°°) (e 2 ; z)| 

for all ft > 0. Taking S = \(T°° - T m ) (e 2 ; ac) | , ft -> yields the desired result. If |(T m - T°°) (en x)| > 
and |(T°° -T m ) (e 2 ;a;)| =0, then 



\T°° (f;x)-T m (f;x)\ < -u 2 (/; ft) + - |2w a (/; ft) + -u> 2 (/; ft) j \(T m - T°°) (e l5 x)\ 

for all ft > 0. Taking ft = |(T°° - T m ) (ei;a;)| , yields the desired result. If (T m - T°°) (e x ;x) = and 
(T m -T°°) (e 2 ;x) = 0, then 

(/;x)-T m (/;x)|<|, 2 (/; ft) . 

For ft we obtain T°° (/; a?) = T m (/; i) for all < x < 1. 

(a) It follows that from ([9]) that any nonincreasing convex g € C 2 [0,1] 

T (g; x) > g (x) + g (x) (T (ev,x) - x) >g{x), 
g(x)<T m (g;x)<T m + 1 (g; x) < \\g\\ . 

In other words the sequence continuous functions {T m (g; •)} is nondecreasing for any nonincreasing 
convex function g G C 2 [0, 1] . By Dini's theorem there exists T°° (g; •) such that T m (g; •) T°° (g; •) 
uniformly on [0, 1] , for any nonincreasing convex function g £ C 2 [0, 1] .In particular, 

lim ||T m (-ei) -r°°(-ei)|| =0, 



lim 

m— >oo 



r m (( eo -ei) 2 ) -T°°(( eo - ei ) 2 ) 



0. 



and lim,™ \\T m (e 2 ) - T°° (e 2 )|| = since T m ((e - ei ) 2 ) = T m (e ) - 2T m (e x ) + T m (e 2 ) 
Let g £ C 2 [0, 1] be arbitrary. Introduce the following auxiliary functions 

9± (t) = ±\\g"\\(l-t) 2 +\\g'\\(l-t)±g(t). 

It is clear that 

9± (t) = - WW (1 - *) - ll</ll ± 3 (*) < 0, 5 ^ (*) = ± .9 (*) > 0. 
Therefore the functions <7± (i) are nonincreasing convex for both choices of the sign. We have 

< T m+ P (g ± ;x) - T m (g ±] x) = \ \\g"\\ (T m+ v (e 2 ; x) - T m (e 2 ; x)) 
+ (WW + WW) {T m (e x ;x)-T m +P(er,x)) ± (T m+ *> ( 5 ; x) - T m (g;x)) . 
The rest of the proof is similar to that of part (b). ■ 
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Proof of Theorem [3j (a) It remains to show that T°° (/) = P (/) for all / e C [0, 1]. It is clear that it 
is enough to show this equality in C 2 [0, 1]. Let g € G 2 [0, 1]. Define the following auxiliary functions. 

G (x) := g (x) -P(g;x), l:=~ \\G"\\ = \ \\g"\\ , g ± (x) := -Ix 1 + Ix ± G (x) . 

It is clear that g± is concave and nonnegative, since 

g'l (x) = - ||G"|| ± G" (x) < 0, G(0) = G (1) = 0. 

It follows that 

-I (x - x 2 ) < G (x) < I (x - x 2 ) , 0<x<l. 
Applying the positive operator T°° we get 

-I (T°° (ei; x) - T°° (e 2 ; x)) < T°° (G; x) - T°° x) - P (g; x) < I (T°° (e i; x) - T°° (e 2 ; x)) , 

for all < x < 1, and consequently 

T°°{g) = P(g) 

for all g G C 2 [0, 1], which completes the proof, 
(b) The operator T°° of Theorem [5] satisfies 

T°°(eo) = eo, T°° ( ei ) = e 2j T°° (e 2 ) = e 2 . 

It remains to show that T°° (/) = V (/) for all / £ C [0, 1]. It is clear that it is enough to show this 
equality in C 2 [0, 1]. 

Let g € C 2 [0, 1]. Define the following auxiliary functions. 

G (x) := g(x)-V (g; x) = g (x) - (l - x 2 ) g (0) - x 2 g (1) , 

I := i + 2g (0) - 2 5 (1) || , G" (x) = 5 " (x) + 2g (0) - 2g (1) , 

ff± (a) = -Ix 2 + lx±G(x) . 

It is clear that g± is concave and nonnegative, since 

g'l (x) - - ± G" (x) < 0, G (0) = G (1) = 0. 

It follows that 

-2(x-x 2 ) < G(x) < l(x-x 2 ) , 0<x<l. 
Application of the positive operator T°° gives 

-I (T°° (ei; x) - T°° (e 2 ; x)) < T°° (G; x) = T°° ( 3 ; x)-t/ ( 5 ; x) < i (T°° (e i; x) - T°° (e 2 ; x)) , < x < 1, 

and T°° (g) = y ( 5 ) for all g <E C 2 [0, 1] . ■ 
Proof of Corollary [5l By the induction we have 

x 2 < T m (e 2 ; x) < a m x 2 + b (l + a + ... + a" 1 " 1 ) x = a m x 2 + (1 - a m ) x. 

So 

< x - T m (e 2 ; x) < a m x (1 - x) . 

■ 

Proof of Corollary [3 The proof is based on the Taylor formula about the point for part (a) and 
about the point 1 for part (b). ■ 



6 



References 

[1] F. Altomare and M. Campiti, Korovkin-type Approximation Theory and its Applications, Walter 
dc Gruytcr (Berlin, 1994). 

[2] U. Abel, M. Ivan, Over-iterates of Bernstein's operators: a short and elementary proof, Amer. Math. 
Monthly 116 (2009) 535-538. 

[3] O. Agratini, On the iterates of a class of summation-type linear positive operators, Computers and 
Mathematics with Applications 55 (2008) 1178-1180. 

[4] C. Badea, Bernstein polynomials and operator theory, Results Math. 53 (2009) 229-236. 

[5] I. Gavrea, M. Ivan, On the iterates of positive linear operators preserving the affine functions, J. 
Math. Anal. Appl. 372 (2010) 366 - 368. 

[6] I. Gavrea, M. Ivan, On the iterates of positive linear operators, To appear in: Journal of Approxi- 
mation Theory, 10. 1016/j.jat. 2011.02.012. 

[7] H. Gonska, D. Kacs'o, P. Pitul, The degree of convergence of over-iterated positive linear operators, 
J. Appl. Funct. Anal. 1 (2006), 403-423. 

[8] H. Gonska, I. Ra^sa, The limiting semigroup of the Bernstein iterates: degree of convergence, Acta 
Math. Hungar. Ill (2006), 119-130. 

[9] H. Gonska, P. Pitul, I. Rajsa, Over-iterates of Bernstein-Stancu operators, Calcolo 44 (2007), 117-125. 

[10] H. Gonska & P. Pitul, Remarks on an article of J. P. King, Comment. Math. Univ. Carolinae 46 
(2005), 645-652. 

[11] S. Karlin and Z. Ziegler, Iteration of positive approximation operators, J. Approx. Theory, 3 (1970), 
310-339. 

[12] R. P. Kelisky and T.J. Rivlin, Iterates of Bernstein polynomials, Pacific J. Math., 21 (1967), 511-520. 

[13] H. Oruc, N. Tuncer, On the convergence and iterates of q-Bernstein polynomials, J. Approx. Theory 
117 (2002) 301-313. 

[14] S. Ostrovska, g-Bernstein polynomials and their iterates, J. Approx. Theory, 123 (2003), 232-255. 

[15] I. Rasa, Asymptotic behaviour of certain semigroups generated by differential operators, Jaen J. 
Approx. 1 (2009) 27-36. 

[16] I. Rasa, CO semigroups and iterates of positive linear operators: asymptotic behaviour, Rend. Circ. 
Mat. Palermo (2) Suppl. 82 (2010) 123-142. 

[17] I. A. Rus, Iterates of Bernstein operators, via contraction principle, J. Math. Anal. Appl. 292 (2004), 
259-261. 

[18] P. C. Sikkema, "Uber Potenzen von verallgemeinerten Bernstein-Operatoren, Mathematica (Cluj), 
8 (31) (1966), 173-180. 

[19] H.-J. Wenz, On the limits of (linear combinations of) iterates of linear operators, J. Approx. Theory, 
89 (1997), 219-237. 

[20] H. Wang, Korovkin-type theorem and application, J. Approx. Theory, 132, 2, 2005, 258-264. 

[21] N.I. Mahmudov, Korovkin-type Theorems and Applications, Central European Journal of Mathe- 
matics, DOI: 10.2478/sll533-009-0006-7. 



7 



